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À  f  o t . r  \ r ê á r ê  ^ n ^  M  T { a ^  n r r È  f  n r r . r r r À  } h a  n r r a c . F  i  n n  r ^ r È r a + l - r ar - * - s  a g o ,  .  K a c  p u t  f o r w a r d  t h e  q u e s t l o n ,  w h e t h e r t h e  s o l u t i o n s
o f  ce r ta in  quan tummechan ica l  Langev in  equa t i ons  app roach  the rma l
e q u i l i b r i u m .  I n  t h i s  t h e s i s  a  p a r t i a l ,  p o s i t i v e  a n s w e r  t o  t h i s  g u e s t i o n
w i l l  b e  g i v e n .
Le t  us  ske tch  the  backg round ,  and  exp la in  t he  m .ean ing  o f  t he  ques t i on .
I n  1908 ,  Langev in  p roposed  h i s  now famous  equa t i on  f o r  t he  desc r i p t i on  o f
t h e  i r r e g u l a r  m o t i o n  o f  d u s t  p a r t i c l e s ,  s u s p e n d e d  i n  a  1 1 q u i d .  F o r  t h e  c a s e
tha t  t he  pa r t i c l e  i s  a l so  sub jec t  t o  a  conse rva t i ve  f o r ce ,  de r i ved  f rom
a  p o t e n t i a l -  v ,  t h i s  e q u a t i o n  i s  t h e  f o l l o w i n g :
H e r e ,  m  i s  t h e  p a r t i c l e t s  m a s s ,  f  a  f r i c t i o n
E  deno tes  wha t  i s  now kno l vn  as  "wh i t e  no i se r ' ,
q t n a h a q l . i c  n r n n n - -  r . r i + L r  a n r z r - i : n a a  a i r z a n  l . r r rJ L V g l l q J L r 9  y ! V U g s D t  W r L r l  U U V q ! r q r r V s  y r v E r t  ! y
( 1 )
c o e f f i c i e n t  o f  t h e  I i q u i d ,  a n d
t h e  G a u s s i a n  g e n e r a l i s e d
à 2  í i
m  d t z  Q t  +  f  a t :  Q t  +  v ' ( Q t )  =  E r
t E t E " t = 2 f k T 6 ( t - s ) . ( 21
B y  ó  w e  m e a n  D i r a c r s  d e l t a  f u n c t i o n .  T h e  c o n s t a n t s  k  a n d  T  a r e  B o l t z m a n n ' s
cons tan t  and  the  tempera tu re  o f  t he  l i qu id  respec t i ve l y .
ï n ' 1 9 3 0 ,  U h l e n b e c k  a n d  O r n s t e i n  I U h O  3 0 ]  c o n s t r u c t e d  t h e  s o l u t i o n  o f
t he  Langev in  equa t i on  (  1  )  .  I t  i s  a  l , l a r kov  p rocess  w i th  va lues  i n  t he  phase
^ €  + L ^  ^ ^Dt ,cue  v !  , , , =  yo r t i c l e .  Because  o f  t he  Markov  p rope r : t y ,  t he  assoc ia ted
n r n l . r a h i  I  i t r z  d a n ^  j ! - -  ^ -  + L i  ^  * L - ^ ^  ^ - + i  - € i e S  a  d i f  f U S i g p  o r f l r a t i ^ nI J t U U q ! I I I L Y  U E T I D A L ) /  V l I  L I T I D  P I 1 O è E  È P q V E  D q L I > ! I g 5  d  U I I I U 5 I I T  g Y q A ! I V I I .
I f  we  suppose  tha t  t he  po ten t i a l  v  1s  o f  a  cup - l i ke  f o rm ,  t he  l a t t e r
equa t i on  has  a  s i ng le  s ta t i ona ry  so lu t l on ,  t owards  wh ich  a l - I  o the r  so lu t i ons
conve rge  as  t j -me  goes  on .  Th i s  s ta t i ona ry  p robab i l i t y  dens i t y  t u rns  ou t  t o
be  the  the rma l  equ i l i b r i - um,  o r  G ibbs ,  p robab i J - i t y  d i s t r i bu t i on ,  assoc ia ted
w i t h  t h e  p o t e n t i a l  v .
Thus  i t  may  be  sa id  t ha t  t he  so lu t - i on  o f  t he  Langev in  equa t i on  (  1  )
app roaches  the rma l  equ i l i b r i um.
The  p robab i l i s t i c  t heo ry  o f  B rown ian  mo t i on  thus  be ing  es tab l i shed ,
two  fu r the r  f undamen ta l  p rob lems  came in to  v i ew .  On  the  one  hand ,  i t  was
no t  c l ea r ,  whe the r  and  how the  theo ry  cou ld  be  de r i ved  f rom the  f i r s t
pr inc ip les  o f  c l ass i ca l  mechan l cs  and ,  on  the  o the r  hand ,  some  au tho rs
wondered ,  wha t  cou ld  be  a  su i t ab le  co r respond ing  theo ry  i n  quan tum
mechan ics .  Somewha t  su rp r i s i ng l y ,  answers  t o  bo th  ques t i ons  we re  p rov ided
bv  ha rmon ic  osc i l l a to r  mode ls .
I n  1 9 6 5 ,  F o r d ,  K a c  a n d  M a z u r  s h o w e d  t h a t ,  i n  a  c h a i n  o f  c o u p l - e d  h a r -
n o n i c  o s c j - i L a t o r s ,  o n e o f  t h e  o s c i l l a t o r s  c a n b e n a d e  t o  s a t i s f y  ( ' 1  ) t o a r b i -
t r a r y  a c c u r a c y  b y  a n  a p p r o p r i a t e  c h o i c e  o f  t h e  c o u p l i n g  s t r e n g t h s ,  I F K I \ , I  6 5 ] .
A  s i m i l a r  r e s u l t  w a s  o b t a j - n e d  b y  U l l e r s m . a ,  I U l I  6 6 ] .  A  q u a n t u m  t h e o r y  o f
f r i c t i o n  a n d  n o i s e  w a s  n o w  e a s i l y  o b t a i n e d  b y  q u a n t i s a t i o n  o f  t h e
o s c i l l a t o r s  i n  t h e  c h a i n .  T h e  e q u a t i o n  o f  m o t i o n ,  s a t i s f i e d  b y  a n  e f e m e n t
o f  t h i s  F K M  c h a i n ,  w a s  c a l l e d  t h e  " q u a n t u m  L a n g e v i n  e q u a t i o n " .  I t  i s
f o r m a l l y  i d e n t i c a l  w i t h  ( ' l ) ,  b u t  n o w  Q r  i s  a  s e l f - a d j o i n t  o p e r a t o r  o n  s o m e
H i  l l - r a r f  e n a ^ ó  r n d  E '  i  c  r n  n n a r r - F n r - r z r ' l r r a Á  r l i  c l r i l - r r r l - i n n  ' F h o  Á o f  i n i n a
- r - ; a t o r - , r u f  l - r . a  d i s t r i b u t l o n .  T h e  - -
re la t i on  (2 \  i s  r ep laced  by  t he  commuta t i on  re la t j - on
Í u  r ' r  _  2 i  f  ï r  ó r ( t _ s )  Ir l t ,  l s r  -
I f  t h e  e n t i r e  c h a i n  i s  i n  t h e r m a l  e q u i l i b r i u m ,  E  h a s  c o v a r i a n c e
( 3 )
í  f - r ( r )  i , , ' í f  -  s l  d i . . t<E- E^ > = 2 f. , ----# =:- (4)- t - s  |  .  -  h o l k T  "  2 ' n  ''  t -  e
A s  ( 4 )  i n d j - c a t e s  a l r e a d y ,  t h i s  q u a n t u m  v e r s i o n  o f  t h e  O r n s t e i n - U h l e n b e c k
n r r r c ê s s  i s  n o f  a  M : r k n r z  n r ( ' \ . ê q q -  T h i s  f a e t  d e n r i v e s  o n e  o f  t h e  t o o l  h v
w h i c h  t o  p r o v e  t h a t  i t  a p p r o a c h e s  t h e r m a l  e q u i l i b r i u m .  T h e  g u e s t i o n f
w h e t h e r  o r  n o t  t h i s  i s  n e v e r t h e l e s s  t h e  c a s e ,  c o n c e r n s  u s  h e r e .
As  a  ma t te r  o f  f ac t ,  app roach  to  t he  quan tu rnmechan i ca l  G ibbs  s ta te  i s
n o t  t o  b e  e x p e c t e d  f o r  n o n z e r o  v a l u e s  o f  f ,  o n  p h y s l c a l  g r o u n d s .  I n d e e d ,
t h e  n o l s e  a n d  f r i c t i o n  t e r m s  i n  (  1  )  w i l l  c o n t i n u a ] l y  i n d u c e  t r a n s i t i o n s
b e t w e e n  t h e  e n e r g y  l e v e l s  o f  t h e  o s c i l l a t o r  c o n s i d e r e d ,  s o  t h a t  t h e s e  w i l l
be  b roadened  and  sh i f t ed .  On l y  i n  t he  l im i t  f  +  0  one  may  hope  to  f i nd  t he
quan tum G ibbs  s ta te .  Fo r  t h i s  reason ,  t he  ques t i on  o f  app roach  to
e q u i l i b r i u m  w a s  p o s e d  b y  R .  B e n g u r i a  a n d  M .  K a c ,  [ B e K  8 1 ]  i n  t h e  f o l l o w i n g
fo rm.
F o r  w h i c h  v  a n d  T  d o e s  t h e  s o ] u t i o n  { Q * }  o f  t h e  q u a n t u m  L a n g e v i n
e q u a t i o n  h a v e  t h e  p r o p e r t y  t h a t ,  i r r e s p e c t i v e  o f  t h e  i n i t i a l  s t a t e  ( .  ) ,
I I I
l - i m  I i m  < e x p ( - i f  9 - 1 >  =  < e x p ( - i À x ) > -  ?  ( 5 )
f  + 0 t+-  
- t '  ' I '
H e r e ,  . .  t T  d e n o t e s  t h e  o r d l n a r y  g u a n t u m m e c h a n i c a l  G i b b s  s t a t e  o n  J ( L 2 ( 1 R ' ) ) ,
assoc ia ted  w j - t h  t he  po ten t i a l  v  .
F o r  a  h a r m o n i c  p o t e n t l a l  v ,  t h e  e g u a t i o n  ( 1 )  c a n  b e  e x p l l c i t l y  s o l v e d ,
a n d  t h e  s o l u t i o n  i n d e e d  s a t i s f j - e s  ( 5 ) .
I n  t h e  p r e s e n t  t h e s i s ,  a s  i n  [ B e K  8 ' l ] ,  t h e  p r o b l e m  i s  a t t a c k e d  u s i n g
p e r t u r b a t i o n  t h e o r y  a r o u n d  t h e  h a r m o n i c  p o t e n t i a l .  f n  I e e K  8 1 ] ,  t h e
r r n n e r f r r r h e d  e o r r i l i b r i u m  s t a t e  w a s  c h o s e n  a S  a n  i n i t i a l  q f e f ê -  a n d  V  w a s
chosen  to  be  g i ven  by
v ( x )  =  à  a x 2 +  e  e x p ( \ x ) . ( 6 )
A  p o v / e r  s e r i e s  e x p a n s i o n  1 n  e  w a s  c o n s i - d e r e d  o f  b o t h  s i d e s  o f  ( 5 ) ,  a  f e w
c o e f f l c i e n t s  w e r e  e x p l i c i t l y  c o m p u t e d ,  a n d  s e e n  t o  b e  e q u a L .  T h i s  s t r o n g l y
s u g g e s t e d  t h a t  ( 5 )  i s  i n d e e d  v a l i d ,  a t  l e a s t  f o r  t h e  a b o v e  c h o i c e s  o f  t h e
l n i t i a l  s t a t e  a n d  t h e  p o t e n t i a l .
H e r e ,  i t  w i l l  b e  p r o v e d  t h a t  f o r  a  g e n e r a l  c l a s s  o f  -  c o n v e x  -  p e r t u r -
b a t i o n s  o f  t h e  h a r m o n i c  p o t e n t i a l ,  t h e  l 1 m i t  a s  t ' ' -  i n d e e d  e x i s t s  f o r  a l l
i n i t i - a l  s t a t e s  o f  t h e  o s c i l l a t o r ,  ( c f .  S  Í I . 8 ) ,  a n d  t h a t  t h e  l i m i t  i s  c l o s e
t o  t h e  G i b b s  s t a t e  f o r  f  s m a l f ,  ( c f .  S  ï I . 9 ) .  H o w e v e r ,  t h e  I i m i t  f  {  0
c a n n o t  b e  t a k e n ,  b e c a u s e  f o r  e v e r y  p o t e n t i a l  a n d  t e m p e r a t u r e  t h e  p r o o f  o f
t h e  s t a t e m e n t  c o n c e r n i n q  t h e  l i m i L  t  +  -  c e a s e s  t o  b e  v a l 1 d  b e l o w  s o m e
p o s i t i v e  v a f u e  o f  f  .  O u r  p r o o f  i s  b a s e d  o n  t h e  e x i s t e n c e  o f  a  " M / 1 1 e r "
i  s o m o r n h  i q m  h ê t r . r a a n  f  l r a  n a r ] -  t r r l ' r a Á  : n Á  f  l ' r a  r r n n a p t U f b e d  m O d e l .  S U C h  i S O -
m o r p h i s m s  w e r e  a l s o  c o n s i d e r e d  i n  a n  e a r l i e r  p a p e r ,  I M a a  8 2 a ] .
A s  t o  t h e  p h y s i c a l  a p p l i c a t i o n  o f  t h e  q u a n t u m  L a n g e v i n  e q u a t i o n ,  w e
n o t e  t h a t  i t  d o e s  n o t  l i e  i n  t h e  d e s c r i p t i o n  o f  d u s t  p a r t l c l e s ,  s u s p e n d e d
i n  a  l i q u i d .  I n d e e d ,  t h e  p a r a m e t e r  r r  =  h  / E / m / k T ,  ( c f  .  A p p e n d i x  A )  ,  m e a s u r i n g
l - h o  i m n n r ' | - r n n a  n f  c r r : n ' i . r r m  o f f o c f  q  i c  a w È r o m o l r z  q m : l  I  i n  i h i c  ^ - - ^  T n a + n : ÁL l l g  . L l l l y ( / I  L A I I U E  U I  9 U A l l  L U l l l  e L  ! g g  L o  ,  I J  c ^  L I g r l l c l  y  o r t L u f  I  L r l I o  U q > Y  .  I I I È  L E a U  I
o n e  s h o u l d  t h i n k  o f  e l e c t r o n s  i n  a n  a t o m  o r  m o l e c u l e .  T h e  n o i s e  t h e n
o r i g l na tes  f r om the  vacuum and  the rma l  f l uc tua t i ons  1n  the  e lec t romagne t i c
f i e l d ,  w h e r e a s  t h e  f r i c t l o n  i s  c a u s e d  b y  r a d i a t i o n  r e a c t i o n .  W e  s h a l l  p r o v e
a  r : e s u l t  i n  t h i s  d i r e c t i o n :  a n  o s c i l - I a t o r ,  c o u p l e d  t o  a  m a s s f e s s  s c a l a r
f  i e l d  _  q , a r i  q f  i e ^  - u ^  - . - ^ * ! . . *  ï  r n n a r r i  : + i n 1  i n  t h e  l i m i t  w h e r e  i tr  v s e * v r f e 5  L r r Y  9 U A r r L U r U  ! q r r Y E V r r r  s Y U q L r U r .
h o c n m o q  r  n n  i n l '  a h a r n as  t s v . r r r
TV
T h i s  t h e s i s  c o n s i s t s  o f  t h r e e  c h a p t e r s .
Chap te r  I  t r ea t s  a  c l ass i ca l  mechan i ca l  mode l ,  wh i ch  goes  back  to
L a m b ,  [ t a m  0 0 ] ,  a n d  w a s  r e v i v e d  b y  L e w i s  a n d  T h o m a s ,  [ f , e t  l S ] .  I t  c o n s i s t s
o f  a  o n e - d i m e n s i o n a l  o s c i l l a t o r ,  a t t a c h e d  t o  a  s e m i - i n f i n i t e  s t r i n g ,  w h i c h
i s  h e a t e d  t o  a  c e r t a l n  p o s i t i v e  t e m p e r a t u r e  ( c f .  f r o n t  p a g e ) .  T h e  o s c i l - l a t o r
i n  t h i s  m o d e l  s a t i s f i e s  t h e  L a n g e v i n  e q u a t i o n  ( 1 )  e x a c t l y ;  t h e  m o d e l  i s
i somorph i c  t o ,  bu t  more  t ranspa ren t  t han ,  t he  l im i t i ng  FKM cha in  mode l .
T n  C h A n f  ê r  T T  t - h o  h e r m o n i a  q f  r i n c  m n r f  o l  i  ^  - , r - n + {  ^ ^ r  r n d  n a r l - r r r _I l l  U r l q y  L E I  f  I  
,  
L l I g  1 I q ! l t t v l l r u  r  L !  f  r l Y  l r r v u s l  I >  Y U q r r  L I J Ë q  t  A r r u
ba t i ons  a re  added  to  t he  po ten t i a l .  Fo r  each  va lue  o f  t he  t empera tu re  and
t h e  f r i c t i o n  c o e f f i c i e n t ,  a  c l a s s  o f  p e r t u r b a t i o n s  i s  d e l i n e a t e d ,  f o r  w h i c h
the  pe r tu rbed  and  the  unpe r tu rbed  evo fu t i ons  a re  i somorph i c .  An  es t ima te
i s  de r i ved  fo r  t he  d i f f e rence  be tween  the  G ibbs  d i s t r i bu t i on  and  the  ac tua l
e g u i l  i b r i u m  d i s t r i b u t i o n .
Tn  Chan te r  I I I  i t  i s  shown  tha t  t he  abovemen t i oned  mode l  o f  a  no in t
c h a r g e  o s c i l l a t o r  i n  a  m a s s l e s s  s c a l - a r  f l e l d  i s  i s o m o r p h i c  t o  t h e  s t r i n g
m n À o  l  a n n q f  r r r n t c j  i  n  t h e  C h a n t ê r q  T  a n d  T T  a n i  t h U S  S a t l S f  j  e s  J -  h e  r . Í n ^ n f  r r m
,  
v v r l r
Langev in  equa t i on .
